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+_fr=I_ 

(»+A + ^2+ • • • • +'^r- 2 )(^+A + ' 2 ‘ 2 + • • • • +^r-l) 

, _fr_ 

(Z^(«+^?i + i 22+ - • • • +^r-l) 

/ 

By taking iZi=(?2=...=«r=i, we get unit fractions. 
When these are not unity, the fractions may not be in 
their lowest terms. 

(4) To express any fraction as the sum of unit fractions. 
The rule is;‘ 

“The denominator (of the given fraction) when 
combined with an optionally chosen number and then 
divided by the numerator so as to leave no remainder, 
becomes the denominator of the first numerator (which 
is one); the optionally chosen quantity when divided 
by this and by the denominator of the sum is the 
remainder. To this remainder the same process is 
applied.” 

Let the number / be so chosen that £lllf is an 

P 

integer = r; then the rule gives 

-i- 

q r r.q 

of which the first is a unit fraction and a similar process 
can be employed to the remainder to get other unit 
fractions. In this case the result depends upon the 
optionally chosen quantities. 

^ GSS, p. 57(80). 
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(5) To express a unit fraction as the sum of two other 
unit fractions. 

The following two rules are given: ^ 

(/) “The denominator of the given sum multiplied 
by a properly chosen number is the (first) denominator, 
and this divided by the previously chosen number minus 
one gives the other; or (//) the two denominators are 
the factors “ of the denominator of the sum, each multi¬ 
plied by their sum,” 

Expressed algebraically the rules are: 
n p.n ' p.n 

pTT 

~ a{a^b) ^ b{a+h) 

(6) To express any fraction as the sum of two other 
fractions whose numerators are given. 

The rule for this is:^ 

“Either numerator multiplied by a chosen number, 
then combined with the other numerator, then divided 
by the numerator of the sum so as to leave no remainder, 
and then divided by the chosen number and multi¬ 
plied by the denominator of the sum gives rise, to one 
denominator. The denominator corresponding to the 
other (numerator), however, is this (denominator) 
multiplied by the chosen quantity,” 

‘ GSS, p. 37(85). 

^ hdra-hdra-labdha, lit. “the divisor and quotient by that 
divisor.” 

® The integer p is so chosen that n is divisible by —i). 

* GSS, p. 38(87). 
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Algebraically the rule is 


m 

n 


ap±^ n ap+b n 
m ^ p m 


A particular^ case of this would be 


n ~ an-\-h 
m 


b 


an-\-b 

nj 


x« 


provided that {an-\-b') is divisible by m. 

(7) To express a given fraction as the sum of an even 
number of fractions whose numerators are previously assigned. 

The rule for this is:® 


“After splitting up the sum into as many parts, 
having one for each of their numerators, as there are 
pairs (among the given numerators), these parts are taken 
as the sum of the pairs, and (then) the denominators 
are found according to the rule for finding two frac¬ 
tions equal to a given unit fraction.” 


12. THE RULE OF THREE 


Terminology. The Hindu name for the Rule of Three 
terms is trairdsika (“three terms,” hence “the rule of 
three terms”). The term trairdsika can be traced back 
to the beginning of the Christian era as it occurs in the 


^ Evidently, the chosen number p must be a divisor of «, 


and such that 




IS an integer. 


The solution given does not hold for any values of a and 
h, but only for such values as allow of an integer p to be so 
chosen as to satisfy the required conditions. 

® GSS, p. 38(89). 


“Pu^uc. TlHxidthjcjpixLtixijaJ- “Ptt.y.A.Lc.A 



204 


ARITHMETIC 


BakhsMli Manuscript/ in the A.ryabhattya and in all 
other works on mathematics. About the origin of the 
name Bhaskara I (r. 525) rerharks:^ “Here three 
quantities are needed (in the statement and calculation) 
so the method is called trairdsika (“the rule of three 

terms”).” 

A problem on the rule of three has the form: 

If p yields /, what will i yield? 

In the above, the three terms are f and /. The 
Hindus called the term />, pramdna (“argument”), the 
term /, phala (“fruit”) and the term /, icchd (“requisi¬ 
tion”). These names are found in all the mathematical 
treatises. Sometimes they are referred to simply as 
the first, second and third respectively. Aryabhata II 
differs from other writers in giving the names mdna, 
vinimaya and icchd respectively to the three terms. It 
has been pointed out by most of the writers that the 
first and third terms are similar, i.e., of the same deno¬ 
mination. 

The Method. Aryabhata I (499) gives the follow¬ 
ing rule for solving problems on the Rule of Three: 

“In the Rule of Three, the phala (“fruit”)^ being 
multiplied by the icchd (“requisition”) is divided by the 
pramdna (“argument”). The quotient is the fruit 
corresponding to the icchd. The denominators of one 
being multiplied with the other give the multipliet 
(/.f., numerator) and the divisor (/.e., denominator).”® 

The term rdJi is used in the enumeration of topics of 
mTLth&mztics, lathe. Sthdndnga-sdtra (c. ^oo 3 .C.) {Sutra 747). There 
it probably refers to the Rules of Three, Five, Seven, etc. 

^In his commentary on the Afyabhatija. 

^ The above corresponds to diyd 26 and the first half of d/yd 
27 of the Ganitapdda of the Arjahhatiya\ compare the working of 
Example I, where the interchange of denominators takes place. 
See also pp. 195/. 
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Brahmagupta gives the rule thus: 

“In the Rule of Three pramdna (“argument”), 
phala (“fruit”) and icchd (“requisition”) are the (given) 
terms; the first and the last- terms must be similar. The 
icchd multiplied by the phala and divided by the pramdna 
gives the fruit (of the demand).”^ 

Sridhara states: 

“Of the three quantities, the pramdna (“argument”) 
and icchd (“requisition”) -which are of the same deno¬ 
mination are the first and the last; the phala (“fruit”) 
which is of a different denomination stands in the 
middle; the product of this -and the last is to be divided 
by the first.”^ 

Mahavira writes: 

“In the Rule of Three, the icchd (“requisition”) and 
the pramdna (“argument”) being sirnilar, the result is 
the product of the phala and icchd divided by the 
pramdnaP^ 

Aryabhata II introduces a slight variation in the 
terminology. He says: 

“The first term is called mdna, the middle term 
vinimaja an() the last one icchd. The first and the last 
are of the same denomination. The last multiplied by 
the middle and divided by the first gives the result.”* 

Bhaskara II, Narayana and others give the rule in 
the same form as Brahmagupta or Sridhara. 

The Hindu method of working the rule may be 
illustrated by the following examples taken from the 
Trisatikd'. 

^ BrSpSt, p. 178. 

“ Tri/, p. 15. 

^GSS,p. 

* MS:, p. 149. 
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Example // “If one pala and , one karsa of sandal 
wood are obtained for ten and a half pana, for how 
much will be obtained nine pala and one karsa"?" 

Here i pala and i karsa=\^ pala, and 9 pala and 
I karsa=f)\ pala are the similar quantities. The “fruit” 
10^ pana corresponding to the first quantity (i^ pala') 
is given, so that 

pramdna = i:^ 

phala (fruit) = 10^ 

icchd (requisition) = 91 

The above quantities are placed in order as 


I 

10 

9 

I 

I 

I 

4 

2 

4 


Converting these into proper fractions we have 


5 

21 

37 

4 

2 

4 


Multiplying the second and the last and dividing by 
the first, we have 


21 

2 

5 

4 

37 

4 



2 I 3 7 
~2~ X -3~ 

5 

T 


Or transferring denominators 


21 

5 

4 

2 

37 

4 


= ^i-4-37 
5.2.4 


pala 


= 4 purdna, 15 pana, 2 kdkint and 16 vardtaka. 
In actual working the intermediate step 


'!■ 


^ Tril, p. 15. 
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was not written. The denominators of the multipliers 
were transferred to the side of the divisor and that 
of the divisor to the multipliers, thus giving at once 

^i-4-37 
5.2.4 ■ 

Example II.^ “Out of twenty necklaces each of 
which contains eight pearls, how many necklaces, each 
containing six pearls, can be made?” 

Firstly, we have 



The result (performing the operation of the Rule of 
Three) is 160 pearls. 

Secondly, perform the operation of the Rule of 
Three on the following: 

If 6 pearls are contained in one necklace, how 
many necklaces will contain 160 pearls? 

Placing the numbers, we have 



Result: necklaces z 6 , part of necklace 

Inverse Rule of Three. The Hindu name for the 
Inverse Rule of Three is vjasta-trairdsika (lit. “inverse 
rule of three terms”). After describing the method of 
the Rule of Three the Hindu writers remark that the 
operation should be reversed when the proportion is 
inverse. Thus Sridhara observes: 

“The method is to multiply the middle term by 
the first and to divide by the last, in case the proportion 
is different.”’' 

^ Tris, p. 17. 

" Tril, p. 18. 
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Alahavira says: 

“In the case of this (proportion) being inverse, the 
operation is reversed.”^ 

Bhaskara II writes: 

“In the inverse (proportion), the operation is re¬ 
versed.”^ 

He further observes: 

“Where with increase of the icchd (requisition) 
the phala decreases or with its decrease the phala in¬ 
creases, there the experts in calculation know the method 
to be the Inverse Rule of Three.”® 

“Where the value of living beings is regulated by 
their age; and in the case of gold, where the weight 
and touch are compared; or when heaps are subdivided,* 
let the Inverse Rule of Three be used.”' 

Example'. Example II given under the Rule of 
Three above has been solved also by the application 
of* the Inverse Rule as follows: 

> pri” 

“Statement { 8 | 20 6 Result: necklaces 2 

3 

Here if the icchd, i.e., the number of pearls in a 
necklace, increases, the phala, i.e., the number of neck¬ 
laces, decreases, so that the Inverse Rule of Three is 
applied. 

Appreciation of the Rule of Three. The Rule of 
Three was highly appreciated by the Hindus because 

^ GSS, p. 58(2). 

'^'L, p. 17. 

® JL, p. 17. 

* “When heaps ol grain, which have been meted with a small 
measure, are again meted with a larger one, the number decreases 
.... ” (Com. of Suryadasa). 

’ L., p. 18. 
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of its simplicity and its universal application to ordinary 
problems. The method as evolved by the Hindus gives 
a ready rule which can be applied even by the “ignorant 
person” to solve problems involving proportion, with¬ 
out fear of committing errors. Varahamihira (503) 
writes: 

“If the sun performs one complete revolution in a 
year, how much does he accomplish in a given number 
of days? Does riot even an ignorant person calculate 
the sun in such problems by simply scribbling with a 
piece of chalk?”*^ 

Bhaskara II has eulogised the method highly at 
several places in his work. His remarks are: 

“The Rule of Three is indeed, (the essence of) 
arithmetic.” “ 

“As Lord Sri Niriyana, who relieves the sufferings 
of birth and death, who is the sole primary cause of the 
creation of the universe, pervades tMs universe through’ 

His own naanifestations as worlds, paradises, mountains, 
rivers, gods, men, demons, etc., so does the Rule of 
Three pervade the whole of the science of calculation. 

.... WhateVer is computed whether in algebra or in, 
this (arithmets^c) by means of multiplication and division 
may be comprehended by the sagacious learned as the 
Rule of'l^hree. What has been composed by the sage^ 
through the multifarious methods and operations such 
as miscellaneous rules, etc,, teaching its easy variations, 
is simply with the object of increasing the comprehen¬ 
sion of the duller intellects like ourselves.”® 

On another occasion Bhaskara II observes: 

* PSi, iv. 37. 

^ L, p. 15, The same remark occurs in Si^i, Golddbyqya, 

Pra/nddfy^a, verse 3. 

»L. p.,76'. 

14 
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“Leaving squaring, square-root, cubing and cube- 
root, whatever is calculated is certainly variation 
of the Rule of Three, nothing else. For increasing 
the comprehension of duller intellects like ours, what 
has been written in various ways by the learned sages 
having loving hearts like that of the bird ^-a^ora, .has 
become arithmetic.”^ 

Proportion in the West. The history of the 
Hindu rules of proportion shows how much the West 
was indebted to India for its mathematics. The Rule 
of Three occurs in the treatises of the Arabs and 
mediaeval Latin writers, where the Hindu name ‘Rule 
of Three’ has been adopted. Although the Hindu 
names of the terms were discarded, the method of 
placing the terms in a line, and arranging them so 
that the first and last were similar, was adopted. Thus 
Digges (1572) remarked,® “Worke by the Rule ensueing 

. Multiplie the last number by the seconde, and 

diuide the Product by the first number,*’ ... “In the 
placing of the three numbers this must be observed, 
that the first and third be of one Denomination.” 
The rule, as has been already stated, was perfected in 
India in the early centuries of the Christian era. It was 
transmitted to the Arabs probably in the eighth century 
and thence travelled to Europe, where it was held in 
very high esteem® and called the “Golden Rule.” 

Compound Proportion. The Hindu names for 
compound proportion are the Rule of Five, the Rule of 

* Si^i, Golddhjdja, PraMdhydya, verse 4. 

® Quoted by Smith, l.c. p. 488. 

® The Arabs, too, held the method in very high esteem as 
is evidenced by AI-BIruni’s writing a separate treatise, Fi raJihqt 
al-hind (“On the raiika of the Hindus”) dealing with the Hindu 
Rules of Three or more terms. Cpmpare also India (I. 313) where 
an example of yyasta-irairdiika, (“the Inverse Rule of Three”) is 
given. 
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Seven, the Rule of Nine, etc., according to the number 
of terms involved in the problems. These are some¬ 
times grouped under the general appellation of the 
“Rule of Odd Terms.” The above technical terms 
as well as the rules were well-known in the time of 
Aryabhata I (499), although he mentions the Rule of 
Three only. That the distinction between the Rule of 
Three and Compound Proportion is more artificial 
than real was stressed by Bhaskara I (<r. 525) in his com¬ 
mentary on the Aryahhatiya. He says; 

“Here Acarya Aryabhata has described the Rule of 
Three only. How the well-known Rules of Five, etc. are 
' to be obtained? I say thus: The Acarya has described 
only the fundamentals of anupdta (proportion). All 
others such as the Rule of Five, etc., follow from that 
fundamental rule of proportion. How? The Rule of 
Five, etc., consist of combinations of the Rule of Three 
.... In the Rule of Five there are two Rules of Three, 
in the Rule of Seven, three Rules of Three, and so on. 
This I shall point out in the examples.” 

Remarks similar to the above concerning the 
Rules of Five, Seven, etc., have been made by the com¬ 
mentators of the h,ilavati, especially by Ganesa and 
Suryadasa.* 

In problems on Compound Proportion, two sets of 
terms are given. The first set which is complete is 
called pramdna paksa (argument side) and the second 
set in which one term is lacking is called the icchd 
paksa (requisition side). 

The Method. The rule relating to the solution 
of problems in compound proportion has been given 
by Brahmagupta as follows: 

“In the case of odd terms beginning withf three 

^ Noted by Colebrooke, p. 35, note. 
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terms' upto eleven, the result is obtained by transposing 
the fruits of both sides, from one side to the other, 
and then dividing the product of the larger set of terms 
by the product of the smaller set. Tn ill the fractions 
the transposition of denominators, in like manner, takes 
place on both sides.”^ 

Sridhara says: 

“Transpose the. two fruits from one side to the 
other, then having transposed the denominators (also 
in like manner) and multiplied the numbers (so obtained 
on each side), divide the side with the larger number of 
terms' by the other (side).”* 

Mahavira* and Aryabhata 11° have given the rule in 
the same way as Sridhara. Bhiskara II has given it 
thus: 

“Ih the rules of five, seven, nine or more terms, 
after having taken the phala (fruit) and chid'* from its 

' It should be observed that, as stated above, the Rule of 
Three is a particular case of the above Rule of Odd terms. 
Brahmagupta is the only Hindu writer to have included the Rule 
of Three also in the above rule. Some Arab writers have fol¬ 
lowed him in this respect by not writing the terms of the Rule 
of Three in a lirie, but arranging them in compartments, as for 
the other rules of odd terms. 

® BrSpSi, p. 178. 

° TriJ, p. 19. 

*■ GSSy ^. 62 (52). 

^ MSt, p. 150, rules 26 and 27 (repeated with a slight varia¬ 
tion). 

° The commentators differ as regards the interpretation of 
this word. Some take it to mean.“divisor,” /.e., “denominator,” 
while others say that it means “the fruit of the other side.” The 
rule is, however, correct with either interpretation. The first 
interpretation, however, brings Bhaskara’s version in line with 
those of his predecessors. It may be mentioned here that Arya¬ 
bhata II repeats the rule twice. At first he does not direct the 
transposition of denominator, and at the second time he does so. 
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own side to the other, the product of the larger set of 
terms divided by the product of the smaller set, gives 
the result (or produce sought).”^ 

Illustration. We shall illustrate the Hindu method 
of working by solving the following example taken 
from the I^ildvatr. 

“If the interest of a hundred in one month be. five, 
what' will be the interest of 16 in 12 months? Also 
find the time knowing the interest and principal; and tell 
the principal knowing the time and interest.” 

To find interest. 

The first set of terms (J>ramdna paksd) is: 

100 niska, i month, 5 niska. {phald) 

The second set {icchd paksd) is: 

16 niska^ 12 months, pc niska 
The terms are now written in compartments® as below: 


xoo 

16 

I 

12 

5 

0 


’ L, p. 18. 

®'The terms of the same denomination are written in com¬ 
partments in the same horizontal line. 

® The figures are written in compartments in order to faci¬ 
litate the writing of fractions and also to denote the side which 
contains more terms after transposition of fruits. Sometimes, 
the compartment corresponding .to an absent term is left vacant 
as we find in k copy of Muni^vara’s Patisara (in the Government 
Sanskrit Library a,t Benares). When the terms are written in 
compartments, the symbol o to denote the unknown or absence 
of a term is unnecessary. In 'some commentaries on the ISldvati 
(Asiatic Society of Bengal manuscripts) we find the numbers 
written without compartments, but in such cases the symbol o 
is used to denote the absence of a term. After transposition, the 
side on which o occurs contains a smaller number of terms than 
the other. 
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In the above 5 (written lowest) is the “fruit” of the 
first side, and there is no “fruit” on' the second side. 
Interchanging the fruits we get 


100 

16 

I 

12 

0 

5 


The larger set of terms is on the second “side.” The 
product of the numbers is 960. The product of the 
numbers on the side of the smaller set of terms is 100. 
Therefore, the required result is written as 

(■*f| or 9 niska, fraction ]|) 

To find Time: 

Here the sides are 

100 niska, i month, 5 niska 
and 16 niska, >: months, niska 

The terms are written as 



Transposing the fruits, i.e., transposing the numbers in 
the bottom compartment, we get 


100 

16 . 

I 

0 

00 

5 

_ 


Transposing the denominators we have 


100 

i6 

I 

0 

48 

5 

5 
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Here, the larger set of terms is on the first side and 
their product is 4800. The product of the numbers 
on the side of the smaller set is 400. Therefore, the 
result is 

4800 
400 

To know the principal: 

The first side is 

TOO niska, i month, j niska 
The second side is 

X niska, 12 months, ¥ niska 
This is written as 


lOO 

0 

I 

12 

5 

00 


After transposition of fruits the terms in the 
bottom cells) we have 


100 

0 

I 

12 

00 

5 


Transposing denominators we get 


100 

0 

I 

12 

48 

5 

5 


The product of the numbers in the larger set divided 
by the product of the numbers in the smaller set, gives 


= = 12 months. 

400 
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= i6 niska. 


Rule of Three as a Particular Case. According 
to Brahmagupta, the above method may be applied to 
the Rule of Tluee. Taking the first example solved 
under the Rule of Three, above, and placing the terms 
we have 


v2I 

6 

2 


5 

37 

4 

4 


Trmsposing the fruits, we have 


21 

2 

0 

37 

4 

5 

4 


Transposing denominators, we get 


21 

0 

2 

37 

4 

5 

4 


Therefore, the result is as before. 

2.5.4 

If we consider the term corresponding to the un¬ 
known as the fruit, the.terms should be set as below; 


^ Here, we consider \ pala of sandal wood as the “fruit” 
of ■%*- pana (money). The previous method forces us to consider 
^ pana as the “fruit” or the middle term, because the “first” 
and “third” are directed to be alike. It will be observed that 
any of the terms may be considered to be the fruit in the alter¬ 
native method given here. 
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5 

4 , 

37 

4 

21 

2 

0 


Hence, as before,^ the result is 

5-4-i 

The above method of working the Rule of Three 
is found among the Arabs,'® although it does not seem 
to have been used in India after Brahmagupta. This 
points to the indebtedness of the Arabs to Brahma¬ 
gupta especially, for their knowledge of Hindu arith¬ 
metic. 

Written as above the method of working the Rule 
of Three appears to be the same as the method of 
proportion. In the same way the rule of other odd 
terms, when properly translated into modern symbolism, 
is nothing but the method of proportion. It has been 
stated by Smith* that the Hindu methods of solution 
“fail to recognize the relation between the Rule of Three 
and proportion.”' This statement appears to have been 
made without sufficient justification, for the solutions 
have been evidendy obtained by the use of the ideas 
of proportionality and variation. The aim of the 
Hindu works is to give a method which can be readily 
used by common people. For this very reason, the 
cases in which the variation is inverse have been 
enumerated. Considered as a method which stimulated 
the student to think for himself, the method is certainly 

® The product of the numbers on the side of the larger set 
is divided by the product of the numbers on the side of the 
smaller set. o in this case is not a number. It is the symbol 
for the unknown or absence. 

® Thus Rabbi ben Ezra wrote for 47 : x. See 

Smith, Lc., p. 489f. 

* I.C., p. 488. 
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defective, but for practical purposes, it is, in our 
opinion, the best that could be devised. 

. 13. COMMERCIAL PROBLEMS 

Interest in Ancient India. The custom of 
taking interest is a very old one. In India it can be 
definitely traced back to the time of Panini {c. 700 B.C.) 
who in his Grammar lays down rules validating the use 
of the suffixto number names in case of “an interest, 
a rent, a profit, a tax or a bribe given.The interest 
became due every month and the rate of interest was 
generally given per hundred,'^ although this was not 
always the case. The rate of interest varied in different 
localides and amongst different classes of people, but 
an interest of fifteen per cent per year seems to have 
been considered just. Thus in KautHya’s Arthaldstra, 
a work of the fourth century B.C., it is laid down: “an 
interest of a pana and a quarter per month per cent is 
just. Five pana per month per cent is commercial 
interest. Ten pana per, month per cent prevails in 
forests. Twenty pana per month per cent prevails 
among sea traders.”® The Gotama Sutra states; “an 
interest of five mdsd per' twenty {kdrsdpana) is just.”* 

Interest in Hindu Ganita. The ordinary pro¬ 
blems relating to the finding out of interest, principal 
or time etc., the other quantities being given, occur in 
the section dealing with the Rule of Five. The Hindu 

^ P&mni’s Grammar, v. i. 22, 47, 49. 

^ It has been pointed out by B. Datta that the idea of per 
cent first originated in India. See his article in the American 
Mathematical Monthly, XXXIV, p. 530. 

® ArthaSdstra, edited and translated into English by R. Sham- 
sastry, Mysore, III, ii, p. 214. 

* Gotama Sutra, xii. 26. Since 20 mdsd equal a kdrsdpana, 
the rate is 15 per cent annually. 
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works generally contain a section called miiraka-iyava^- 
hdra (“calculations relating to mixed quantities^*) in 
which occur miscellaneous problems on interest. The 
contents of this section vary in different works, according 
to their size and scope. Thus the Arjabhatija contains 
only one rule relating to a problem on interest, whilst 
the Ganita-sdra-samg^aha has a large number of such 
rules and problems. 

Problem involving a Quadratic Equation. Arya¬ 
bhata I (499) gives a nile for the solution of the 
following problem: 

The principal sum ^(=100) is lent for one month 
(interest unknown=.>r). This unknown interest is then 
lent out for /(=six) months. After this period the 
original interest (.?<•) plus the interest on this interest 
^mounts to ..^(= sixteen). The rate-intere’st on the 
principal (j&) is required. 

The above problem requires the solution of the 
quadratic equation 


which gives 


—Ap =? o, 

-pl3. ± y^pjzY+Apt 

_ 


The negative value of the radical does not give a 
solution of the problem; so the result is 

(/>/ 2)®-^/2 

x = - • 


This is stated by Aryabhata I as follows: 

“Multiply the sum of the interest on the principal 
and the interest on this interest {A) by the time (/) and 
by the principal (/>). Add to this result the square of 
half the principal ((p/2)*}. Take the square-root of 
this. Subtract half the principal (p/2) and divide thd 
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remainder by the time (/). The result will be the 
(unknown) interest (x) on the principal.”^ 

Brahmagupta (628) gives a more general rule. His 
problem is: 


The principal (j>) is lent out for months and the 
unknown interest on this (~x) is lent out for months 
at the same rate and becomes To find 

This gives the quadratic 




Aph _ 


whose solution is 


zt^ 


The negative value of the .radical does not give a 
solution of the problem, so it is discarded. 

Brahmagupta states the -formula thus: 

“Multiply the principal Q!>) by its time (/,) and divide 
by the other time (/,) (placing the result) at two places.- 
Multiply the first of these by the mixture (.H). Add 
to this the square of half the other. Take the square- 
root of this (sum). From the result subtract half the 
other. This will be the interest (at) on the principal.”* 

Other Problems. Mahavira (850) gives two 
other types of problems on “mixture” requiring the 
solution of simultaneous equations. As an example of 
the first type may be mentioned the following:® 

“It has been ascertained that the interest for li 
months (/= rate-time) on 60 ((r= rate-capital) is 2^i (/= 


’■vl, p, 41, The Sanskrit terms are: mJHa=^ziad.p 7 iX, phala 


=interest. 

^BrSpSi, p. 183. 
P- 71 ( 44 ). 

» GJ-J-, p. 69(32). 


This rule is also given by Mahavira, GSS, 
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rate-interest). The interest (on the unknown capital P) 
•for. an unknown period (T) is 24 (=J), and 60 (—m 
=P-i-T) is the time combined with the capital lent out. 
What is the time (T) and what is the capital (P)?” 

The problem gives: 


iPT 

ct 


I 


•w 


P-f-T = fft ... (2) 
p-r = ±'^ SL X 4I 


Hence 


P — ^ X 4I)* 


juid 


T ~ i 4I) 


The above result is stated by Mahavira thus: 

“From the square of the mixture (m) subtract the 
rate-capital (e) divided by the rate-interest (/) multiplied 
by the rate-time (/) and four times the given interest 
(4I). Then the operation oi. sankramana^ is performed 
in relation to the square-root of this and the mixture 
(m)r- 

The second type of problems may be illustrated by 
the following example: 

“The interest on 30 (P) is 5 (J) for an unknown 


* Given the numbers a and h, the process of sankramana is the 


finding out of half their sum and difference i.e. 


a-\-b 


and- 


2 2 

^ GSS, p. 68(29). should be noted that both the signs 
of the radical are used. 
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period (T), and at an unknown rate of interest (/) per 
loo (c) per i^ month (/). The mixture (;»=/+T) 
is 12^. Find i and 

The solution is given by 

T = h 

and consequently 
i = j 

Mahavira states the solution thus: 

“The rate-capital (c) multiplied by its time (/) and 
the interest (I) and the square of two (=4) is divided 
by the other capital (P). Then perform the operation 
of sankramana in relation to the square-root of the 
remainder (obtained as the result of subtracting the 
quotient so obtained) from the square of the mixture 
{m) and the mixture.’”^ 

Miscellaneous Problems on Interest. Besides the 
problems given above various other interesting prob¬ 
lems are found in the Hindu works on pdttganita. 
Thus Brahmagupta gives the solution of the following 
problem: 

Example. In what time will a given sum s, the 
interest on which for t months is r, become k times 
itself? 

The rule for the solution of the above is:^ 

“The given sum* multiplied by its time and divided 

' GSS, p. 69(34). 

2 GSS, p. 69(33). 

^ BrSpSi, p. 181. 

‘•The Sanskrit term used is pramdna (argument). 
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by the interest,^ being multiplied by the factor* less 
one, is the time (required).” 

The Ganita-sdra-samgraha (850) contains a large 
number of problems relating to interest. Of these may 
.be mentioned the following: 

(i) “In this (problem), the (given) capitals are (^1=) 
40, (^2=) 30, (^3=) 20 and (^4=) 50; and the months 
are (/,=) 5, (/2=) 4, (^3=) 3 and (Z^^) 6 (respectively). 
The sum of the interests is 54. (Assuming' the 

rate of interest to be the same in each case, find the 
amounts of interest in each case).”® 

Here, if the rate of interest per month for i be r, 

tlien 


^ _ ^1 _ ^2 _ _ 

Z3Z3 

where x^, . are ' the interests earned on the 

capitals c^, .in t^, it, .months res 

pectively. 

Therefore, 


.^1 _ X2 ' ,*^3 ^ I I *^2 I *^3 I • • •■ • 

^2^2 ^3^3 ^iZi“|“^2^2~I~^3^3“I“ • • 


m 


or 


m cj. 


^1^1 "h ^2^2 “h Ctft "h • • • 
etc. 


This formula is given by Mahavira for the solution 


^ .The Sanskrit term used is phala (fruit). 

® The Sanskrit term used is guna (multiple). 
® GSS, p. 70(38). 
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of the above problem.^ 

(a) “(Sums represented by) lo, 6, 3 and 15 are the 
(various given) amounts of interest, and 5, 4, 3 and 6 
are the (corresponding) months (for which the interests 
have accrued); the sum of the (corresponding) capital 
amounts is seen to be 140. (Assuming the rate of 
interest to be the same in each case, find out these 
capital amounts).”^ 

(3) “Here (in this problem) the (given) capital 
amounts are 40, 30, 20 and 50; and 10, 6, 3 and 15 are 
the (corresponding) amounts of interest; 18 is the 
quantity representing the mixed sum of the respective 
periods of time. (Find out these periods separately, 
assuming the rate of interest to be the same in each 
case).”® 

(4) “The interest on 80 for 3 months is unknown; 
~l% is the mixed sum of that (unknown quantity taken 
as the) capital lent out and pf the interest thereon 
for I- year. What is the capital here and what the 
interest?”* 

(5) “The mixed sums (capital+interest) are 50, 58 
and 66, and the months (during which interests have 
accrued) are 5, 7 and 9 (respectively). Find out what 

’ GSS, p. 70(37). The formula clearly shows that Mahavira 
Jtnew the algebraic identity 

^ _ C B * * 

b d f d-\- /+ ■ • 

® GSS, p. 70(40). The solution is given by Rule 39 on the 
same page. 

® GSS, p. 70(43). The solution is given by Rule 42 oh the 
same page. 

* GSS, p. 71(46). This is similar to Aryabhata’s problem 
given before (p. 217). 
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the interest is (in each case, the capital being the same)?”^ 

(6) “The mixed sums of the capital and periods of 
interest are 21, 23, and 25; here (in this problem) the 
amounts of interest are 6, 10 and 14. What is the 
common capital?”^ 

(7) “Borrowing at the rate of 6 per cent and then 
lending out at the rate of 9 per cent, one obtains in 
the way of dilferential gain 81 at the end of 3 months. 
What is the capital (utilised here)?”® 

(8) “The monthly interest on 60 is exactly 5. The 
capital lent out is 35; the (amount of the) instalment 
(to be paid) is 15 in (every) 3 months. What is the 
time of discharge of that debt?”* 

(9) “The mixed sum (of the capital amounts lent 
out) at the rates pf 2, 6 and 4 per cent per mensem is 
4400. Here the capital amounts are such as have equal 
amounts of interest accruing after 2 months. What 
(are the capital amounts lent, and what is the equal 
interest)?”® 

(10) “A certain person gives once in 12 days an 
instalment of 2|, the rate of interest being 3 per cent 
(per mensem). What is the capital amount of the debt 
discharged in 10 months?”® 

(11) “The total capital represented by 8320 is in- 
’'^ested (in parts) at the (respective) rates of 3, j and 8 
per cent (per month). Theh, in this investment, in 5 


® GJi", p. 71 (48). The solution requires the use of the 
identity 


a c a — c 



* GSS, p. 72(52). 

p. 7205)- 
^GSS, p. 7309 )- 
® Gi-i-, p. 73 ( 6 i)- 
« GSS, p. 73(65). 
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months the capital amounts lent out are, on being 
diminished by the respective amounts of interest, 
(found to be) equal in value. (WJiat are the respective 
amounts invested thus?)”^ 

(12) “The total capital represented by 13740 is 
invested (in parts) at the (respective) rates of 2, 5 and 9 
per cent (per month), then, in this investment, in 4 
months the capital amounts lent out are, on being 
combined with the (respective) amounts of interest, 
(found to be) equal in value. (What are the respective 
amounts thus invested?)”* 

(13) “A certain man borrows a certain (unknown) 
sum of money at an interest of 5 per cent per month. He 
pays the debt in instalments, due every of a month. 
The instalments begin with 7 and increase in arithmeti¬ 
cal progression, with 7 as the common-difference. 60 is 
the maximum amount of instalment. He gives in the 
discharge of his debt the sum of a series in arithmetical 
progression consisting of terms. After the payment 
of each instalment, interest is charged only on that 
part of the principal which remains to be paid. What 
is the total payment corresponding to the sum of the 
series, what is the interest (which he paid), what is the 
time of the discharge of the debt, (and what is the 
principal sum borrowed)?”® 

Barter and Exchange. The Hindu name for barter 
is hhdnda-prati-bhdnda (“commodity for commodity”). 
All the Hindu works on pdtiganita contain problems 
relating to the exchange of commodities. It is pointed 
out in these works that problems on barter are cases 
of compound proportion, and can be solved by the 

^ Css, p. 74(67). 

* GSS, p, 74(67). 

^ GSS, pp. 74f, (72-75^-). The text of the problem is verv 
obscure. The translation given here is after Rangacarya. 


“Pu^uc. T/HxidthjcjpixLtixijaJ- 



COMMERCIAL PROBLEMS 


227 


Rule of Five, etc. A typical problem on barter is the 
following; 

“If three hundred mangoes be had in this market 
for one dramma, and thirty ripe pomegranates for a pana^ 
say quickly, friend, how many (pomegranates) should 
be had in exchange for ten mangoes?”* 

Other Types of Commercial Problems. Of 
various other types of commercial problems found in the 
Hindu works may be mentioned (i) problems on part¬ 
nership and proportionate division, and (2) problems 
relating to the calculation of the fineness of gold.** 
Most of these problems are essentially of an algebraic 
character, but they are included in patiganita (arithmetic). 
The formulx giving the solution of each type of 
examples precede the examples. These formulae 

are too numerous to be mentioned. The following 

examples, however, will illustrate the nature and the 
scope of such problems: 

(1) A horse was purchased by (nine) dealers in 

partnership, whose contributions were one, etc., upto 

nine; and was sold by them for five less than five 

hundred. Tell me what was each man’s share of the sale- 
proceed. 

(2) Four colleges, containing an equal number of 
pupils, were invited to partake of a sacrificial feast. 
K fifth, a half, a third and a quarter (of the total number 
of pupils in the college) came from the respective 
colleges to the feast; and added to one, two, three and 
four, they were found to amount to eighty-seven; or, 
with those deducted, they were sixty-seven. Find the 
actual number of the pupils that came from each 
college. 

* L, p. 20. 

^ Such problems are found in the Uldvatl, the Ganita-sdra- 
samgraha, the TrUatikd, etc. 
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(5) Three (unequal) jars of liquid butter, of water 
,and of honey, contained thirty-two, sixty and twenty-four 
paid respectively: the whole was mixed together and the 
jars filled again. Tell me the quantity of butter, of 
water and of honey in each jar.^ 

(4) According to an agreement three merchants 
carried out the operations of buying and selling. The 
capital of the first consisted of six puram, that of the 
second of eight puram, but that of the third was 
unknown. The profit obtained by these men was 96 
purdna. In fact the profit obtained by him (the third 
person) on his unknown capital happened to be 40 
purdna. What was the amount thrown by him into 
the transaction and what was the profit of each of the 
other two merchants?^ 

(5) There were four merchants. Each of them 
obtained from the others half of what he had with him 
(at the time of the respective transfers of money). Then 
they all bedame possessed of equal amounts of money. 
What was the measure of money each had to start with?“ 

(6) A great man possessing powers of magical 
charm and medicine saw a cock fight going on, and 
spoke separately in confidential language to both the 
owners of the cocks. He said to one, “If your bird 
wins, then you give the stake-money to me. If, however, 
your bird loses then I shall give you two-thirds of that 
stake-money.” He went to the owner of the other cock 
and promised to give three-fourths (of his stake-money 
on similar conditions). In each case the gain to him 
could be only 12 (gold-pieces). Tell me, O ornament 

^ This and the two previous examples are given by Prthudaka- 
svaml to illustrate Rule 16 of the ganitddhydja of the Jirdhma-sphuta- 
siddhdnta. 

^GSS, p. 94(223-5). 

“ GSS, p. 99(267^). 
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on the head of mathematicians, the money each of the 
cock-owners had stakedd 

(7) The mixed price of 9 citrons and 7 fragrant 
wood-apples is 107; again the mixed price of 7 citrons 
and 9 fragrant wood-apples is loi. O arithmetician, 
tell me quickly the price of a citron and of a wood- 
apple, having distinctly separated those pricesd 

(S') Pigeons are sold at the rate of 5 for 3 {pana), 
sdrasa birds at the rate of 7 for 5 {pana), swans at the 
rate of 9 for 7 {pana) and peacocks at the rate of 3 for 9 
{pana). A certain man was told to bring at these rates 100 
birds for 100 {pana) for the amusement of the king’s son, 
and was sent to do so. 'What (amount) does he give 
for each (of the various kinds of birds that he buys)?® 

(9) There are i part (of gold) of i varna, i part of 
2 varna, i part of 3 varna, 2 parts of 4 varna, 4 parts of 5 
varna, 7 parts of 14 varna, and 8 parts of 15 varna. Throw¬ 
ing these into the fire, make them all into one (mass), and 
then (say) what the varna of the mixed gold is. This 
mixed gold is distributed among the owners of the fore¬ 
going parts. What does each of them get?* 

(10) Three pieces of gold, of 3 each in weight, and 
of 2, 3 and 4 varna (respectively), are added to (an 
unknown weight of) gold of 13 varna. The resulting 
varna comes to be 10. Tell me, O friend, the measure 
(of the unknown weight) of gold.® 


‘ GSS, pp. 99-100(270^-2-J). 

“ GSS, p. 84(140^-2^). 

® GJi’, p. 85(152-3). 

■* GSS, p. 88 (170-1^). 

® GJ’J’, p. 89(181). Similar examples occur in the TriJalikJ 
(p. 26) and the Gildvatl (p. 25). 
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14. MISCELLANEOUS PROBLEMS 

Regula Falsi. The rule of false position is found 
in all the Hindu works.^ Bhaskara II gives prominence 
to the method and calls it ista-karma (“rule of 
supposition”). He describes the method thus: 

“Any number, assumed at pleasure, is treated as 
specified in the particular question, being multiplied 
and divided, increased or diminished by fractions (of 
itself); then the given quantity, being multiplied by the 
assumed nurnber and divided by that (which has been 
found) yields the number sought. This is called the 
process of supposition.”^ 

Sridhara takes the assumed number to be one.® 
Mahavira gives a large variety of problems to which 
he applies the rule.* Ganesa in his commentary on the 
h-ildvati remarks, “In this method, multiplication, divi¬ 
sion, and fractions only are employed.” The following 
examples will illustrate the nature of the problems 
solved by the rule of supposition: 

(1) Out of a heap of pure lotus flowers, a third, a 
fifth, a sixth were offered respectively to the gods Siva, 
Visnu and Surya and a quarter was presented to Bhavanl. 
The remaining six were given to the venerable preceptor. 
Tell quickly the number of lotuses.® 

(2) The third part of a necklace of pearls, broken in 

* The method originated in India and went to Europe through 
Arabia. There is a mediaeval MS., published by Libri in his 
Histoire, I, 504 and possibly due to Rabbi beri Ezra in which the 
method is attributed to the Hindus. For further details and 
references, see Smith, Hisfo/y, II, p. 437, foot-note i. 

= L, p. 10. 

® See the rule on stambhoddesa, Tris, p. 13. 

* These problems occur in chapters iii and iv of the Ganita- 
sdra-sariigraha. 

® E, p. I r. CJ. GSS, p. 48 (7)- 
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an amorous struggle, fell to the ground; its fifth part 
rested on the couch; the sixth part was saved by the 
wench; and the tenth part was taken by her lover: 
six pearls remained strung. Say, of how many pearls 
was the necklace composed?^ 

(3) One-twelfth part of a pillar, as multiplied by 
part thereof, was to be found under water; ^ of the 
remainder, as multiplied by .j2g- thereof, was found 
buried in the mire below; and 20 basta of the pillar were 
found in the air (above the water). O friend, give out 
the length of the pillar.'^ 

(4) A number of parrots descended on a paddy 
field, beautiful with crops bent down through the weight 
of ripe corn. Being scared away by men, all of them 
suddenly flew off. One-half of them went to the 
east, one-sixth went to the south-east; the difference 
between those that went to the east and those that 
went to the south-east, diminished by half of itself 
and again diminished by half of this (resulting 
difference), went to the south. The difference between 
those that went to the south and those that went 
to the south-east diminished by two-fifths of itself 
went to the south-west; the difference between 
those that went to the south and those that went to, 
the south-west, went to the west; the difference between 
those that went to the south-west and those that went 
to the west, together with three-sevenths of itself went 
to the north-west; the difference between those that 
went to the north-west and those that went to the west 
together with seven-eighths of itself, went to the north; 
the sum of those that went to the north-west and those 
that went to the north, diminished by two-thirds of itself 
went to the north-east; and 280 parrots were found to 

^ Tris, p. 14, * cf. GSS, p. 49 (17-22) for a similar example. 

“ GJ’i', p. 55(60). Cf. Tris, p. 13. 
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remain in the sky above. How many were the parrots 
in all?^ 

The Method of Inversion. The method of 
inversion called vilomagati (“working backwards”) is 
found to have been commonly used in India from very 
early times. Thus Aryabhata I says: 

“In the method of inversion multipliers become 
divisots and divisors become multipliers, addition be¬ 
comes subtraction and subtraction becomes addition.”^ 

Brahmagupta’s description is more complete. He 

says: 

“Beginning from the end, make the multiplier 
divisior, the divisor multiplier; (make) addition subtrac¬ 
tion and subtraction addition; (make) square square- 
root, and square-root square; this gives the required 
quantity.”® 

The following examples will illustrate the nature 
of problems solved by the above method: 

(1) What is that quantity which when divided by 
7, (then) multiplied by 3, (then) squared, (then) increased 
by 5, (then) divided by f, (then) halved, and then 
reduced to its square-root happens to be the number 
5 ?‘ 

(2) The residue of degrees of the sun less three, 
being divided by seven, and the square-root of the 
quotient extracted, and the root less eight multiplied by 
nine, and to the product one being added, the amount is 

® GSS, pp. 48 f (i2-i6). 

* A, Canitapdda, 28. 

^BrSpSi,p. 301. The method occurs also in GSS, p. 102 
(286); MSi, p. 149; L, p. 9; etc. 

* GSS, p. 102 (287). Examples of this type are very common 
in Hindu arithmetic. They were also very common in Europe. 
Smith in his History, II,^ quotes two such problems from an 
American arithmetic of the i6th century. 
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a hundred. When does this take place on a Wednesday?^ 

Problems on Mixture. The Hindu works on 
pdtfganita contain a chapter relating to problems on 
mixture (misraka-vjavahdra). Miscellaneous problems on 
interest, problems on allegation, and various other 
types of problems, in which quantities are to be 
separated from their mixture, forrn the subject matter 
of misraka-vjavahdra. A chapter ^‘on mixture” {De' 
mescolo) is found in early Italian works on arithmetic, 
evidently under Hindu influence.* 

Some of the problems of this chapter are deter¬ 
minate and some are indeterminate. A few relating to 
interest and allegation have already been given.® The 
following are some others: 

(1) In the interior of a forest, 3 heaps of pomegra¬ 
nates were divided (equally) among 7 travellers, leaving 
I fruit as remainder; 7 (of such heaps) were divided 
among 9, leaving a remainder of 3 (fruits), again 5 (of 
such heaps) were divided among 8, leaving 2 fruits as 
remainder. O mathematician, what is the numerical 
value of a heap?* 

(2) On a certain man bringing mango fruits home, 
his elder son took one fruit first and then half of what 
remained. The younger son did similarly with what 
was left. He further took half of what was left there¬ 
after; and the other took the other half. Find the 
number of fruits brought by the father?® 

‘ Colebrooke, cba, p. 333 (i8). 

“Smith, History^ II, p. 588, note 4. 

® See commerciaJ problems, pp. 2i6ff; also problems on pro¬ 
portionate division (praksepa-karand)-. Tri/, p. 26; GSS, p. 

75 (79i); MJ/, pp. 134-155- 

■* GSS, p. 82 (128^). Such problems are given under the 
rule of vallikd-kutftkdra by Mahavira. 

® GJi", p. 82 (131^). 
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(3) A certain lay follower of Jainism went to a Jina 
temple with four gate-ways, and having taken (with him) 
fragrant flowers offered them in worship with devotion 
(at each gate). The flowers in his hand were doubled, 
trebled, quadrupled and quintupled (respectively in 
order) as he arrived at the gates (one after another). 
The number of flowers offered by him was sixty ^ at 
each gate. How many flowers were originally taken 
by him? 

(4) The first man has 16 azure-blue gems, the 
second has 10 emeralds, and the third has 8 diamonds. 
Each among them gives to each of the others 2 gems 
of the kind owned by himself; and then all three men 
come to be possessed of equal wealth. What are the 
prices of those azure-blue gems, emeralds and dia¬ 
monds?’’ 

(5) In what time will four fountains, being let 
loose together, fill a cistern, which they would severally 
fill in a day, in half a day, in a quarter and in a fifth 
part of a day?® 

Problems involving Solution of Quadratic 
Equations. The solution of the quadratic equation 
has been known in India from the time of Aryabhata I 
(499). Problems on interest requiring the solution of 
the quadratic equation have already been mentioned. 
Mahavira and Bhaskara II give many other problems. 
Mahavira divides these problems into two classes: 
(/) those that involve square-roots {muld) and («) those 

^ GSS, p. 79 (112^-113^). The printed text has panca (“five”). 
According to it the answer is 43/12 which appears absurd. There 
are some other problems in the printed edition which give such 
absurd results. All those are, we presume, due to the defects of 
The mss. consulted by the editor. So here we have made the 
emendation ‘sixty.’ 

* GSS, p. 87 (165-166). 

® BrSpSi, p. 177 (com.); L, p. 25. 
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that involve the square (vargd) of the unknown. The 
first type gives a single positive answer, while the second 
type has two answers corresponding to the two roots 
of the quadratic. Bhaskara II deals with the first type 
of problems only in his pdtiganita, the 'L.ildvati. The 
second type of problems, involving the square of the 
unknown has been treated by him in his Bijaganita 
(algebra). The following examples will illustrate the 
nature and scope of such problems: 

Brohlems involving the square-root: 

(1) One-fourth of a herd of camels was seen in the 
forest; twice the square-root of that had gone to 
mountain slopes; and three times five camels were found 
\o remain on the bank of a river. What was the numeri¬ 
cal measure of that herd of camels?^ 

(2) Five and one-fourth times the square-root (of a 
herd) of elephants are sporting on a mountain slope; 
five-ninths of the remainder sport on the top of the 
mountain; five times the square-root of the remainder 
sport in a forest of lotuses; and there are six elephants 
then (left) on the bank of a river. How many are the 
elephants?^ 

(3) In a garden beautified by groves of various 
kinds of trees, in a place free from all living animals, many 

^ GSS, p. 51 (34). The problem belongs to the type of the 
mtla-jdtf, and leads to an equation of the form x— {h>:-^c^x^-d)=o. 
The method of solution is given in GSS, p. 50 (33). 

^ GSS, p. 52 (46). The problem is of the sesa-mdla variety. 
It gives the equation 

-5 V-Vxl = 6. 

Mahavira reduces it by putting = x—^\/x —4 (>: -V'Vb^)- 

to ^—5-y';j;=6. In the general case a similar equation is again 
obtained-, which is again reduced, and so on till the equation 
is reduced to the form, x —= d, from which x can be easily 
obtained. 
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ascetics were seated. Of them the number equivalent 
to the square-root of the whole collection were practis¬ 
ing yoga at the foot of a tree. One-tenth of the 
remainder, the square-root (of what remained after 
this), (of what remained after this), then the square- 
root (of what remained after this), (of what remained 
after this), the square-root (of what remained after this), 
f (of what remained after this), the square-root 
(of what remained after this), -5 (of what remained 
after this), the square-root (of what remained after this), 
(of what remained after this), the square-root (of what 
remained after this)—these parts consisted of those who 
were learned in the teaching of literature, in religious law, 
in logic, and in politics, as also of those who were 
versed in controversy, prosody, astronomy, magic, 
rhetoric and grammar, as well as of those who pos¬ 
sessed an intelligent knowledge of the twelve varieties 
of the anga-sdstra\ and at last 12 ascetics were seen (to 
remain without being included among those mentioned 
before). O excellent ascetic, of what numerical value 
was this collection of ascetics?^ 

(4) A single bee (out of a swarm of bees) was seen 
in the sky; of the remainder (of the swarm), and 
of the remainder (left thereafter) and again ^ of the 
remainder (left thereafter) and a number of bees equal 
to the square-root of the numerical value of the swarm, 
were seen in lotuses; and two bees were on a mango 
tree. How many were there?^ 

(5) Four times the square-root of half the number 
of a collection of boars went to a forest wherein tigers 

^ GJJ, p. 52 (42-45). The problem is of the same variety 
as the above one. The substitution will have to be made 6 times 
to reduce the resulting equation. 

^ GSS, p. 5 3 (48). This problem is of the dviragra-iesa-mula 
variety. 
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were at play; 8 times the square-root of tV of the remain¬ 
der went to a mountain; and 9 times the square-root 
of I of the (next) remainder went to the bank of 
a river; and boars equivalent in (numerical) measure to 
5 6 were seen to remain in the forest. Give the numerical 
measure of all those boars.^ 

(6) The sum of two (quantities, which are respec¬ 
tively equivalent to the) square-root (of the numerical 
value) of a collection of swans and (the square-root of the 
same collection) as combiped with 68, amounts to 34? 
How many swans there are in that collection? “ 

(7) Partha (Arjuna), irritated in fight, shot a quiver 
of arrows to slay Karna. With half his arrows, he 
parried those of his antagonist, with four times the 
square-root of the quiver-full, he killed ,his horses; 
with three he demolished the umbrella, standard and 
bow; and with one he cut off the head of his foe. 
How many were the arrows, which Arjuna let fly?“ 

. (8) The square-root of half the number of a swarm 
of bees is gone to a shrub of jasmin; and so are eight- 
ninths of the whole swarm; a female is buzzing to one 
remaining male that is humming within a lotus, in 
which he is confined, having been allured to it by its 

^ GSS, p. 54'(56). This problem is of the amJa-mula variety, 
wherein fractional parts of square-roots are involved. The prob¬ 
lems give equations of the form 

—‘*3\/^3[(>^ ‘^I'S/b^x) o is/b.Jjx — ai\/h^x) —...=k. 
By repeated substitutions Mahavira reduces the equation to the 
form X — A\/Bx — c = o. 

“ GSS, p. 56 (68). This problem is of the mula-miira variety, 
wherein the sum of square-roots is involved. It gives an equa¬ 
tion of the form ^x -\-^x'±.d = m. 

3 L, p. i6. 
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fragrance at night. Say, lovely woman, what is the 
number of bees.^ 

Problems involving the square of the unknown: 

(9) One-twelfth part of a pillar, as multiplied by 
part thereof, was found under water; ^ of the remainder, 
as multiplied by thereof, was found buried in the 
mire, and 20 hasta of the pillar were found in the air. 
O friend, give the measure of the length of the 
pillar. “ 

(10) A number of elephants (equivalent to) of 
the herd minus 2, as multiplied by the same of the 
herd minus 2), is found playing in a forest of sallaki 
trees. The remaining elephants of the herd equal in 
number to the square of 6 are moving on a mountain. 
How many are the elephants?* 


15. THE MATHEMATICS OF ZERO 

It has been shown that the aero was invented in 
India about the beginning of the Christian era to help 
the writing of numbers in the decimal scale. The 
Hindu mind did not rest satisfied till it evolved the 
complete arithmetic of zero. The Hindus included 
zero among the numbers (sahkhja), and it was used 


1 A, p. 16. 

^ GSS, p. 5 5 (60). The problem gives the equation 
r \ 


12.30 ' 


' T ♦ .-V ' 


20.16 


12.30 ■ 


Also solved by regulafalsi. Mahavira puts (jc — 
then solves the quadratic 

3 2 

y-w= 20. 

^ 320 ^ 

The roots of this are then used to get the values of x. 
= GSS, p. 5 5 (63). 
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in their arithmetic at the time when the original of 
the Bakhshali Manuscript was written, about the third 
century A.D. The operation of addition and subtrac¬ 
tion of zero are incidentally mentioned in the Panca- 
siddhdntikd of Varahamihira (505). The complete 
decimal arithmetic is found in the commentary of 
Bhaskara I {c. 525) on the A^rjahhatija. The results of 
operations by zero are found, stated in the work of 
Brahmagupta (628) and in all later mathematical treatises. 
The treatment of zero in the arithmetic of the Hindus 
is different from that found in their algebra. In order, 
therefore, to bring out this difference clearly, we give 
separately the results found in pdtiganita (arithmetic) 
and in htjaganita (algebra). 

Zero in Arithmetic. The Hindus in their arith¬ 
metic define zero as the result of the operation 

a—a = o 

This definition is found in Brahmagupta’s work‘ and 
is repeated in all later works. It is directly used in the 
operation of subtraction. In carrying out arithmetical 
operations, the results of the operations of addition, 
subtraction and multiplication of zero and by zero 
are required. The Hindus did not recognise the opera¬ 
tion of division by zero as valid in arithmetic; but 
the division of zero by a number was recognised as 
valid.. Narayana in his pdtiganita (arithmetic) has clearly 
stated this distinction: 

“Here in pdttganita, division by zero is not recog¬ 
nised, and therefore, it is not mentioned here. As it 
is of use in hijaganita (algebra), so I have mentioned 
division by zero in my BijaganitaP'^ 

^ BrSpSi, p. 309. Cf. B. Datta, BCMS, XVIII, pp. 165-176 for 
some other details regarding operations with zero. 

* GK, remark subjoined to i 50. 
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cipher. A number divided by zero is kha-hara (that 
number with zero as denominator). The product 9f 
(a number and) zero is zero, but it must be retained as 
a multiple of zero (kha-gund), if any further operations 
impend. Zero having become a multiplier (of a number), 
should zero afterwards become a divisor, the number 
must be understood to be unchanged. So likewise 
any number, to which zero is added, or from which it 
is subtracted (is unaltered),”^ 

In the Btjaganita, the same results are given with 
the addition that if a quantity is subtracted from zero, 
its sign is reversed, while in the case of addition the sign 
remains the same. 

Zero as an Infinitesinaal. It will be observed 
that Brahmagupta directs that the results of the opera¬ 
tions x" -T- o and o -i- X should be written as f- and 
respectively. It is not possible to tell exactly what he 
actually meant by these forms. It seems that he did 
not specify the actual value of these forms, because the 
value of the variable x is not known. Moreover, the 
zero seems to have been considered by him as an 
infinitesimal quantity which ultimately reduces to 
nought. If this surmise be correct, Brahmagupta is 
quite justified in stating the results as he has done. 

The idea of zero as an infinitesimal is more in evi¬ 
dence in the works ofBhaskara II. He says: “The 
product of (a number and) zero is zero, but the number 
must be retained as a multiple of zero {kha-gund), if any 
further operations impend.” He further remarks that 
this operation is of great use in astronomical calculations. 
It will be shown in the section on Calculus, that 
Bhaskara II has actually used quantities which ultimately 
tend to zero, and has successfully evaluated the differen¬ 
tial coefficients of certain functions. He has, moreover, 

> k, p. 8. 
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used the infinitesimal increment/'(x) 5 ^r of the function 
/(x), due to i change Sx in x. 

The commentator Krsna proves the result o x = o 
= tzX o as follows: 

“The more the multiplicand is diminished, the 
smaller is the product; and, if it be reduced-in the ut¬ 
most degree, the product is so likewise: now the utmost 
diminution of a quantity is the same with the reduction 
of it to nothing; therefore, if the multiplicand be nought, 
the product is cipher. In like manner, as the multiplier 
decreases, so does the product; and, if the multiplier be 
nought, the product is so too.” 

In the above zero is conceived of as the limit of a 
diminishing quantity. 

Infinity. The quotient of division by zero of a 
finite quantity has been called by Bhaskara II as kha- 
hara, which is synonymous with kha-cbeda (the quantity 
with zero as denominator) of Brahmagupta. Regard¬ 
ing the value of the kha-hara, Bhaskara II remarks: 

“In this quantity consisting of that which has 
cipher for its divisor, there is no alteration, though many 
may be inserted or extracted; as no change takes place 
in the infinite and immutable God, at the period of the 
destruction or creation of worlds, though numerous 
orders of beings are absorbed or put forth.’”^ 

From the above it is evident that Bhaskara II 

knew that ~ = oo and oo k.= oo . 

* BBf, pp. 5-6. G. Thibaut {Astronomie, Astrology und Ma- 
thematik,, Strasbourg, 1899, p. 72) thought that this passage was 
an interpolation. There appears no justification for considering 
this as an interpolation, as the passage occurs in the oldest 
known conanafentary and in all copies of the work so far found. 
Cf. Datta, /.A, p. 174. 
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Ganesa remarks that —is “an indefinite and unli- 

’ O 

mited or infinite quantity: since it cannot be determined 
how great it is. It is unaltered by the addition or 
subtraction of finite quantities: since in the preliminary 
operation of reducing both fractional expressions to a 
common denominator, preparatory to taMng their sum 
or difference, both numerator and denominator of the 
finite quantity vanish.” 

Krsna remarks: 

“As much as the divisor is diminished, so much is 
the quotient increased. If the divisor is reduced to the 
utmost, the quotient is to the utmost increased. But, 
if it can be specified, that the amount of the quotient 
is so much, it has not been raised to the utmost: for a 
quantity greater than that can be assigned. The quo¬ 
tient, therefore, is indefinitely great, and is rightly 
termed infinite.” 

Regarding the proof of ^ d: ~ ^ Kfsna makes 

the same remarks as Ganesa. He, however, goes a 
step further when he says that 

a b 

O O* 

This is illustrated by him through the instance of the 
shadow of a gnomon, which at sun-rise and sun-set 
is infinite; and is equally so whatever height be given 
to the gnomon, and whatever number be taken 
for the radius. “... Thus, if the radius be 120; and 
the gnomon be i, 2, 3 or 4; the expression deduced 
from the proportion, as sine of sun’s altitude is to 
sine of zenith distance, so is gnomon to shadow, 
becomes -i-g-a, or . Or, if the gnomon be, 

as it is usually framed, 12 fingers, and radius be taken 
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as 3438, 120, 100 or 90, the expression will be ^2$e 
or which are all alike infinite.”" 

. Indeterminate Forms. Brahmagupta has made the 
incorrect statement that 

o 

- = o 
o 

Bhaskara II has sought to correct this mistake of 
Brahmagupta. According to him 

Lm = a. 

s ® 

His language, however, in stating this result is defective, 
for he calls the infinitesimal e zero, not being in 
possession of a suitable technical term. That, in the 
above case, he actually meant by zero a small quantity 
tending to the limiting value zero, is abundantly clear 
from the use he makes of the result in his Astronomy. 
Taylor* and Bapu Deva Sastri* are also of this opinion. 

Bhaskara has given three illustrative examples. 
They are: 

(a-XoH-— ) 

(/) Evaluate - — 6 ^. 

o 

From this he derives the result a-— 14, which is 
correct if we consider o=e, a small quantity tending 
to zero. His other examples are: 

0 ^) 9)} o = 90 

giving X = 9; and 

" All the above passages are taken from the respective com¬ 
mentaries. They have been noted by Colebrooke, Lc. 

^ Bombay, 1816, p. 29. 

* His ^ija-ganita (in Hindi), Pt. I, Benares, 1875, p. 179 it sq. 





246 


ARITHMETIC 


{Hi) {(x4-l)xo}==+2{(x+^)xo)}-f-o 15, 

giving x=i.^ 

Bhaskara II’s result 

a 

~^Xo — a 
o 

is, however, not quite correct, as the form is truly 
‘indeterminate and may not always have the value a. 
His attempt, however, at such an early date to assign 

a meaning to the form and his partial solution of the 

problem are very creditable, seeing that in Europe 
mathematicians made similar mistakes upto the middle 
of the nineteenth century A. D.' 


■’ The answers of this and the previous example are incorrect 
because has been taken to be equal to o. 

“Martin Ohm (1828) says: “If a is not zero, but b is zero, 
then the quotient a/b has no meaning” for the quotient “multi¬ 
plied by zero gives only zero and not a, as long as a is not zero.” 
L^hrbuch der niedern Analysis, Vol. I, Berlin, 1828, pp. no, 112. 
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avyakta, 123; vyakta, 123 
Ganita-kaumudi, 125 
Ganita-mahjaii, 136, 144, 145 
Ganitdnuyoga, 4 
Ganita-sdra-sarhgraha, 80, 125, 
219, 223, 227, 230, 240 
Ganka-tilaka, 125 
Gerbert, 93, 94 
Ghana, 8, 124, 162, 177, 

178, I 79 J pada, 175 
Ginsburg, J., 95 
Gomutrika, 135, 147, 148 
Gotama-sutra, 218 
Gunaka^ 135 
Gunakata, 135, 198 
Gunana, 124, 134; ista, 136, 149; 
phala, 135; tastha, 146; 
tiryaka, 145; 


Gunya, 135 

H 

Halifax, John of, 95 
HalJ, F., 81 
Halle, 104 

Halsted, G.B., 38, 39 
Hanana, 134, 139 
Handasa, 102 
Handasi, 101, 102 ' 

Hara, 150 
Harana, 150 
Harya, 150 
Heath, 50 
Hemcandra, 12 
Hend, loi 
Hetuhila, ii 
Hetvindriya, ii 
Hind, 100, lor 
Hindasa, loi, 102 
Hindasi, 101 
•Hindi, 100, loi, 102 
Hindisah, 98, loi 
Hindu Numerals in Arabia, 88; 
Arabic reference, 96; definite 
evidence, 93; European re¬ 
ferences, 102; in Europe, 92; 
miscellaneous references, 95; 
Syrian reference, 95; the 
terms hindasa, etc., loi 
Hisab-al-ghobar, 98, 124 
Hunter, G.R., 19, 29 

I 

Ibn Albanna, 99 
Ibn Hawkal, 100 
Ibn Seedeh, 100 
Ibn Tarik, 89 
Ibn Wahshiya, 96 • 

Iccha, 198, 204-208; paksa, 211, 
213 

Iddni, 186 

Ilm-hisab-altakhta, 123 
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Indraji, Bhagvanlal, 6, z6, 35-37 
Infinity, 243 

Inscription, Ahar Stone, 42, 5 2; 
at Po Nagar, 44; Belhari, 40; 
Buchkala—of Nagbhata, 

41 ; Deogarh Jaina—of 
Bhojadeva, 42; Dholpur, 60; 
fromDhauli, 33; from Girnar, 
33; from Kanheri, 41, 42; 
Ghatiyala—of Kakkuka, 41; 
Gurjara—45; Gwalior—of 

Allah, 42; Gwalior—of the 
reign of Bhojadeva, 42, 82; 
Hathigumpha, 6; Hindu, 60; 
Junar, 47; Kanheri, 40; 

KharosthI, 21; Ksatrapa, 
34; Nanaghat, 25, 26; of 
A 4 oka, 16, 20, 21, 23, 28, 34; 
of Bauka, 41; of the Kujanas, 
22, 34; of Rudradaman, 47; 
of the Parthians, 21; of the 
^akas, 21; of Simanta 

Devadatta, 41; of Sambor, 44; 
of Srivijaya, 44; of Yaiovar- 
mana, 43; Pehava, 42; 

Sanskrit and old Canarese, 43; 
Siyadoni stone, 43; stone, 45; 
word numerals in, 59 
Isidorus of Seville, 102 
Ista, 135 
Istakarma, 230 

Istakri, too 
Itarhi, 186 

J 

Jacobi, H., 7 
Jadhr, 170 

Jaivardhana II, 46, 82 
Jaladhi, 13 

Tarez de le Ffontera, 04 
Jati, 188 

Jinabhadra Gani, 61, 79 
John, 96 


Jones, Sir W., 16 
Jyotisa, 8 

K 

Kaccayana’s Pali Grammar, ii 

Kaiyyata, 63 

K 4 kin 5 , 206 

Kali, 185, 188 

Kalasavarnana, 8 

Kalhana, 50 

Kalidasa, 2 

Kalpasutra, 6, 7 

Kanda, 18 

Kahkara, 10 

Kapadia, H.R., 80, 151 

Kapatasandhi, 134, 135, 136, 

137. 143. 144. 145 

Karahu, ii 
Katana, 50 
Karana-kutuhala, 184 
Karanl, 170 

Karpinski, 97; see Smith 
Karsa, 206 

Katapayadi system, 69; first 
variant, 70; second variant, 
71; third variant, 72; fourth 
variant, 72 
Kathana, 12 
Katyayana, 5 8, 63 
Kautilya, 2; Arthasastra of, see 
Arthasastra 
Kayastha, 5 o 

Kaye, G. R., 44, 45, 46, 47, 
48, 59, 60, 65, 85 j ^ ioi, 102, 
156, 168, 170, 171, 175, 190 
Keith, see Macdonell 
Kerala system, 72 
Kern, 65 

Kha-cheda, 243; -hara, 242, 243, 
244; -guna, 242 
Khalif al-Mansur, 89 
Khalif Walid, edict of, 89 
Khanda, 135 
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Khanda-khadyaka, 89 
Kharavela, 6 

Kharosthi numerals, 21; early 
occurrence, 21; forms and 
origin, 22; lipi, 21 
Kharva, ij; maha, 13 
Khata, 124 
Kopp, 16 

Koti, 10, II, 12, 13 
Koti-koti, II, 12 
Kotippakoti, 12 
Krakacika, 124 
Krama, 131 
Krsna, 243, 244 
Krti, 155, 169 
Ksetraganita, 7, 8 
Ksipra, 186 
Ksiti, 13; maha, 13 
Ksobha, 13; maha, 1,3 
Ksobhya, 10 
Ksoni, 13; mahiy 13 
Kumuda, 12 
Kustha, 18; 

Kuttaka, 8 

L 

Labdha, 130 
Laghu-Bhaskariya, 59 
Lahiri, 63 
Lakkha, ii 
Laksa, ii, 13 
Lalitavistara, 10, 37, 187 
Lalla, 61, 87, 123 
Langdon, 23, 29 
La Roche, 173 
Latyayana, 38 
Lekhapancasika, 5 o 
Lekhaprakasa, 30 
Leonardo Fibonacci of Pisa, 94, 
103 

Lespius, 16 

Lilavad, 125, 131, 132, 133, 

134, 136, 137. 144, i 45 > 


146, 147, 

211, 213, 

227. 

229, 230, 

235, 241. 

245; 

Gane^a’s commentary. 

144, 

143, 146 




Lowest Common Multiple, 193 

M 

Macdonell and Keith, 9 
Madhya, 9, 13 
Maha-Bhaskariya, 39, 80 
Mahabja, 13 
Mahakathana, 12 
Mahasaroja, 13 

Mahavira, 3, 13, 33, 36, 37, 

77,80, 136, 137, 143, 131, 
136, 137, 161, 162, ,164, 166, 


167, 

168, 

172, 188 

. I9L 

19^. 

i 95 » 

196, 

198, 

199. 

205, 

208, 

212, 

220, 

222, 

224, 

230, 

233. 

235 » 

237. 

238, 

240, 

241 





Mahmud bin Qajid al-Amuni 
Saraf-Eddin, 99 
Maitriyani Samhiti, 9, 18, 183 
Majjhima Nikiya, 4 
Malayagiri, 79 
Mana, 204, 205 ‘■ 

Manoranjana, 132, 

Marre, A., 100, 184 
Marshall, 19 
Martin, Ohm, 246 
Masa, 218 

Mathematics, appreciation of, 3; 
decay of, 127; Hindus and, 3; 
in Hindu education, 6; of 
2ero, 238; scope and develop¬ 
ment of Hindu, 7 
Maximus Planudes, 104, 144,184 
Mazumdar, R.C.,59 
Measures, see weights 
Megasthenes, 21, 37 
Mihir Yast, loi 
Milindapanho, 7 
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Mille; 9 

Miscellaneous problems, 230; 
problems involving solution 
of quadratic equations, 234; 
problems involving the 
square of the unkown, 238; 
problems involving the 
square-root, 23.5; problems 
on mixture, 233; regula falsi, 
230; the method of inver¬ 
sion, 232 

Misraka, 124; vyavahara, 219, 233 
Misrana, 130 

Mitra, Rajendra Lai, 10, 97, 187 
Mohammad, 88 
Mohammad Ben Musa, 102 
Mohenjo-daro, 19; and Harappa, 
19, 23, 29; and the Indus 
Valley civilization, 17; dis¬ 
coveries at, i; finds of, 20 
Montucla, J.F., 99 
Mudra, 7 
MudrSbala, 11 
Muhurta, 186 
Mukerjee, Sir Asutosh, 17 
Mula, 169, 170, 220, 234; arhsa, 
237; dviragra sesa, 236; 
ghana, 124, 175; jati, 235; 

misra, 237; sesa, 235; varga, 

, 124. 169 

Multiplication, 134; algeb¬ 
raic methods, 149; Brahma¬ 
gupta’s method, ,136; by 
separation of places, 146; 
cross-multiplication method, 
145; direct process,138; door- 
junction method, 13^; gelosia 
method, 144; inverse method, 
139; methods'of, 135: parts— 
method, 148; terminology, 
134; transmission to the 
•west, 143; zigzag method, 

147 


Munisvara, 213 
Myriad, 9 

N 

Nagabala, 10 
Nagarl script, 39 
Nagarjuna, 2 
Nahuta, 12 
Naisadha-carita, 85 
Nallino, 83 
Narada, 4 

Narayana, 13, 137, 152, 161, 

162, 167, 168, 183, 184, 

205, 240 
Nau, F., 95 

Nava, 13;—dasa, 15;—yirhsati, 15 
Nava-rasika, 124 
Neil, R.A., see Cowell 
Nikharva, 10, 13 
Nilakantha, 67, 170 
Ninnahuta, 12 
Nirabbuda, 12 
Niravadya, ii 
Niruddha, 195 
Niska, 213, 2r4, 215, 216 
Niyuta, 9, 10, 12 
Notation, abjad, 89; decimal 
place-value, 3; difference 
from other, 27; e'pigraphic 
instances of decimal place- 
value, 40; Greek alphabetic, 
50; 'places of, 12; scale of, 9 
Numeral, ghobar, 89, 90, 91, 93, 
94; Hieratic and Demotic, 28; 
Hindu, 38; Kharosthi and 
Semitic, 28 

Numeral notation, i; Brahmi, 
25; earliest, 19; in spoken 
language, .13; Kharosthi, 
21; terminology, 9 
Numerical, Asokan—figures, 37; 
development of symbblism, 
16 
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Nyarbuda, 9,10, 13 

O 

Ojha, 17, 24 
Oldenburg, 4 

Operations, checks on, 180 

P 

Pacioli, 146 

Pada, 155, 169, 170, 177 
Padma, 13; maha, 13 
Paduma, 12 

Pana, 206, 216, 218, 227, 229 
Panca, 13 
Panca-rasika, 124 
Panca-siddhantika, 59, 78, 79, 

239 

Panini, 2, 18, 33, 63, 218 

Pahkti, 173 

Pannavana-sutra, 37 

Papyrus Blacas, 24 

Paramesvara, 67, 155, 197 

Parardha, 9, 13 

Parasparakrtatn, 134 

Pargiter, 5 8 

Parikarma, 8 

Patala, 18 

Patana, 132 

Patanjali, 2, 63, 85 

Patl, 8, 124, 126, 129, 138, 

139. 140, 141, 148, 152, 
157. 158, i 59 > 173. 174, 177. 

178, 180 

I’atiganita, 8, 82, 123, 126, 128, 
151, 184, 187, 195, 222, 226, 
227, 233, 235, 239, 240 
Patisara, 125, 213 
Parta, 123 
Pattopadhyaya, 50 
Peurbach, 173 

Phala, 198, 204, 205, 206, 208, 
212, 216, 220, 223, 228 
Phalaka, 123 


Phoenician forms (of numerals), 

24 

Phoenician script, 17 
Piiigala, 75 . 7^, 77 
Place-value, date of invention 
of the notation, 86; In Hindu 
literature, 83 ; in Jain cano¬ 
nical works, 83; in literary 
works, 85 ; in works on 
philosophy, 85; invention of 
system, 51 ; new notation, 

5 3; principle, 39; the decimal 
notation, 40; the decimal 
system, 43 

Plate, Cambay—of Govinda, 45; 
Chargaon—^of Huviska, 47; 
Ciacole, 40; Daulatabad—of 
Sahkargana, 41 ; Dhiniki 
Copper, 40; Grant of Avani- 
varmana, 42; Grant of 
Balavarmana, 42; Gurjara 
Grant, 40, 43, 48; Kadab, 
60; Panduke^vara—of Lalita- 
suradeva, 41; Ragholi, 40, 
82; Sangli—of Rastrakuta 
Govindataja,43;Torkhedi, 41 
Prabhaga, 190 
Prakespa karana, 233 
Prakrta, 170 
Praksepana, 130 
Pramana, 198, 204, 203, 223 ; 

rasi, 198; paksa, 211, 213 

Pratiloma, 151 
Pratyutpanna, 135, 139, 140 
Prayuta, 9, 12, 13 
Princep, James, 33 
PrthudakasvamI, 77, 124, 129, 

148, 136, 163, 228 
Pulisa, 61, 79 
Pundarika, 12 

Purana, 2, 84, 86, 206, 228; 

Agni, 38, 39, 62, 84, 86 ; 
Vayu, 84; Visnu, 84 
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Purva, 164 

R 

Rabbi ben Ezra, 96, 103, 217, 
230 

Radix, 170 
Rajatarangini, 50 
Rajju, 8 

Ramanuj acaria, 156, 168 
Ramayana, 2 
Rangacarya, 151, 226 
Rdsi, 8, 124; ruparhsaka, 199 
Ray, H.C., 17 
Ray, Sir P.C., 85 
Regula falsi, 230, 258 
R.eina‘ud, 97, 98 

Rgveda, 9, 15, 17, 18, 20, 

57 . 185 

Rhys Davids, 7 
Riese, 149 

Rodet, 65, 66, 170, 175 
Rosen, 102 

Rule of Three, 203 ; apprecia¬ 
tion of, 208; as a particular 
case, 216; compound ptopor- 
tion, 210; illustration, 213 ; 
inverse, 207; proportion in 
the west, 210; terminology, 
203; the method, 204, 211 
Rupa, 6 

Rupa-vibhaga, 136 
S 

Sachau, E.C., 98, 99 
Sadgurusisya, 71 
Sadratnamala, 70 
Sahasra, 9, 12, 13 
Sakala, 199 
Salila, 10 

Samacaturasra, 135 
Samapta-lambha, 11 
Samavayariga-sutra, 6, 37 
Sarhkalana, 130 
Sarhkalita, 124, 130, 196 


259 

Sarhkhya, 238 
Sarhkhyana, 4, 6, 7 
Sammelana, 150 
Samudra, 9, 10 
Sarhyojana, 130 
Sanatkumara, 4 
$ahkaracarya, 85 
$ahkha, 13 

Sarikhyayana srauta sutra, 10 

Sankramana, 221, 222 

Saiiku, 13 

Sapha, 183 

Sapta, 13 

Sapta-rasika, 124 

Saritapati, 13 

Sarvabala, 11 

Sarvadhana, 13a,., 

Sarvajna, 11 
Sarv&nukramani, 71 
Sastri, Madhava, 184 
Sastri, Sambasiva, 67 
Sata, 9, 12, 13; koti, 13 
Sitavihana, 23 

Satottara ganani, 10 ; sarhjna, 10 
Savarnana, 194 

Script, Indian, 16; Nagarl, 39; 
North Semitic, 17; Phoeni¬ 
cian, 17; South Semitic, 16, 

17 

Sebokht, 89, 93, 93, 96 
Sefer ha-Misp'ar, 103 
Sefer Yesirah, 98 
Senart, E., 26 
Sengupta, 173, 197 
Sesa, 132 

Shamasastri, R., 6, 19, 187, 218 
Siddhanta, 3, 123, 128, 

135, 150; Brahma-sphuta, 8, 
39, 89, 136, 228, 241; Maha, 
123, 181, 183, 184, 240; 

Parasar, 3; Pitamaha, 3, 123; 
.Pulisa, 59, 62, 79, 86; 

Romaka, 123; Sekhara, 123, 
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156; Surya, 3, 59, 62, 125; 
Tattva-viveka, 125; Vasistha, 
3 , 125 

Siddhasena Gani, 80, 171 
Siladitya VI, 32 • 

Silberberg, Morit2, 103 
Sindhind, 97 

Singh, A.N., 170, 171, 172, 

^ 73 , 173 

SJrsaprahelika, 12 
Sitanath, Sri, 76 
Skandasena, 188 
Smith, 144, 146, 149, 130, 133, 
154, 175, 210, 217. 230, 232, 
233; and Karpinski, ii, 27, 
30, 48, 80, 83, 88; 89, 90, 

93.103 
Sodhana, 132 
Sodhya, 177, 178 
Sogandhika, 12 

Square, 135; minor methods of 
squaring, 160; terminology, 
155; the operation, 156 
Squarc-rojot, 169;- terminology, 
169; the operation, 170 
Srauta-sutra, 38 
^redhl, 124. 

Sridhara, ‘8, .13, 134, 136, 

143. 135. i 3 <^, 157. 160, 

161, 162, 163, 167; 168, 

172, 177,' t88, 190, 191, 
192, 193, 196, 198, 199, 

203, 207, 212, .230, 240 

Sridharacarya, see Sridhara 
Sriharsa, 8 3 

^ripari, 128, '136, 137, 138, 

-144, 143. 150, 167, 172 

Stambhoddesa, 230 
Sthana, 12, 161, 166;—khanda, 
146, 148 

Sthanahga-sutra, 8, 204 
Subandhu, 81, 82, 83 
Subtraction, 132; direct process. 


133; inverse process, 133; 
terminology, 132; the opera¬ 
tion, 132 

Sulba 130, 134, 133, 170, 183, 
188 

Sumatiharsa, 184 
Sunya. 38, 54. 77;—bindu, 81, 85 
Suryadasa, 133, 197, 208, 211 
Suryadeva, 67, 71 
Susruta, 2 

Suter, H., 51,99, 102, 143, 174 
Sutra, 4 
Svetavarni, 129 

T 

Taccheda, 241 

Taittiriya Sathhit 4 , 9, 14,' 13; 

BrSbmana, see Brahmana 
Talkhis, 99 
Tallaksana, ii 
T 4 ntric, 19 
Tarik al-hindi, 143 
Tastha, .136, 145; gunana, see 
gunana 

Tattvkrthadhigama-sutra, 80, 

131, 171 

Taylor, 16 29, 132, 147, 243 
Theon of Alexandria, iji 
Theophanes, 89 
Theory, Indraji’s, 3 3 
Thibaut, 133 
Titilambha, 11 

Trairdsika, 124, 203, 204; 

vyasta, 124, 207, 210 
Tri, 13; pada, 183 
Triprasna, 3 

Trisatika, 39, 123, 131, 187, 203, 
227, 229 
Tropfke, 80 

U 

Umasyati, 2, 80, 151, 189 
una-viriisati, 13; tririisat, 13 
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Upanisad, Chandogya, 3, 58; 

Mundaka, 4^ 

Uppala, 12 
Utkrama, 151 
Utsanga, 10 
Uttara, 163 

Uttaradhyayana-sutra, 4 

V 

Vadava, 10 
Vadha, 134 

Vajasaneyi sarhhita, 9,-15 
Vajrabhyasa, 145, 146 
Vajrapavartana-vidhi, 196 
Vallika-kuttikara, 233 
Valmiki, 2 

Varahamihira, 61, 79, 209, 239 
Varataka, 206 

Varga, 8, 65, 66, 67, 69, 124, 
i55> 156, 235; mula, see 
mula;—varga, 8 
Varna, 63, 229 
VisavadattI, 81, 85 
Va^istha, 17 

Vedarip, 7, 19;—jyotisa, 7, 38 
Vedisri, 25 
Vibhutangama, 11 
Vidya, apara, 4; Brahma, 4; 

naksatra, 4; para, 4; rasi, 4 
Vikalpa, 8 
Vinaya Pitaka,* 4, 7 
'/inimaya, 204, 205 
Visamjna-gati, ii 
ViVaha, 10 
Vi vara, 10 
Viyoga, 132 
Viyojaka, 132 
Viyojya, 132 
Vrnda, 13 
Vyasabhasya, 83 
Vyavahara, 8;—sutra, 84 
Vyavakalita, 124 
Vyavasthana-prajnapti, 11 


Vyutkalana, 132 
Vyutkalita, 124, 152 

W 

Wahshiya, 97 

Warner, A.G., and Warner, E., 
100 

Waschke, 104 
Weber, 16, 17, 37, 38 
Weights and Measures, 186 
Whish, 63 
Widman, 149 

Woepcke, F., 90, 102, 143, 174, 
184 

Wolack, Gottfried, 83 
Woods, J.H., 83 
Word-numeral, 53; date of 
invention, 62; explanation 
of the system, 3 5; in inscrip¬ 
tions, 59; list of, 54; origin 
and early history, 60; without 
place-value, 37; with place- 
value, 38; 

Wright, W., 96 

Writing in ancient India, 16 

Y 

Yajurveda, 9, 10, 20 
Yakub ibn Tarik, 89 
Yavat tavat, 8 
Yoga, 130, 236;—sutra, 83 
Yojana, 171, 172 
Yukti, 130 

Z 

Zero, as an infinitesimal, 242, 
243;-earliest use, 75; form of 
the symbol, 81; in algebra, 
241; in arithmetic, 239; 
indeterminate forms, 243; 
other uses of the symbol, 82; 
the mathematics of, 238; the 
symbol, 75 
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